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e For f : R” — R, b € R", the degree-k Taylor polynomial of f at b is Pg}k(h). The Lagrange
remainder R{;k(h) = f(b+h) — P, x(h) is given by >7, 4., 0%f(b + ch)22 . for some ¢ € (0,1).
Recall |R{)7k(h)| < M||h||**1/(k + 1)! where M is an upper bound for all partials of f of order k + 1.
e A (C? function g : R® — R is called harmonic if for every x € R" its Laplacian is zero, that is,

Ag(x) = (0119 + 0229 + . .. + Onng)(x) = 0.
e [ wish you keep on having fun with maths in 2025.

1. Suppose for a C? function f : R?® — R f(x) — 00 as |[x| — oo. Prove that there is a point b € R? such
that 811f( ) + aggf( ) + 833f( )
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2. Consider the function f(z,y, z,w) = (23 + 2w — y, w® + yz — ) and its zero level set Sy = {f = 0} € R.
(a) Determine the set of all points (a, b, ¢, d) '€ Sy near which, on Sy, (y,w) can be written as a function
of (z,z). Write down all relations which a, b, c,;\dimust satisfy:

(b) Suppose on Sy, (y,w) = ¢(x, z) around the point (1,1,0,1)'€ S. Compute 0.¢(1,0).
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3. (a) Find P05(x y) for the functlon f(z,y) = xsin(z +y).
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4. (a) Find the degree 3 Taylor polynomial of tanu at 0.
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(b) Find the degree-3 Taylor polynomial of In(1 + u) at 0.
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5. Say True or False. Then prove or disprove... Solve on the spaces prov1ded in this page.
( ) Let f: R™ — R™ be of class C' and det D f(0) # 0. Then there is a neighborhood of 0 € R™ in which

1
i

f is one-to-one.

T Bb [n\,FT rf\ﬂos a (C ) invese avowd ).
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E
(b) Suppose that g : I — R? is differentiable on the open 1nterval I C R and that |g(t)| =1forall t € I

Then the vector g( ) € RY is perpendicular to the vector Dg(t) € R? for all ¢ € .

(=[9) [ = 9l) « ). Differentiate wt t
0:=Dg) g({)-rg(’c) Dok) = g&) - Dgé)=0.

(c) For a harmonic function i : R?> — R, if h has a local minimum at the point b € R? then all second

order partial derivatives of h vanish at b.
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