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You may use every fact that we have already proven in the class. You cannot use the
solutions of PS and quiz questions. If needed you must reproduce them.

1. Mark the statements below as TRUE or FALSE. No justification is needed in this part. EACH INCOR-
RECT ANSWER CANCELS A CORRECT ONE.

In this question f : Rn → R, g : R → R, γ : R → Rk.

1. If f is differentiable at a, then its directional derivatives at a along every direction exist.

2. If all partial derivatives of f exist at a but are not continuous at a, then f is not differentiable at a.

3. If g is C1 and g′(0) > 0 then g is increasing in a neighborhood of 0.

4. If γ is differentiable and γ′(t1) = γ′(t2) for some t1 < t2 then there is c ∈ (t1, t2) such that γ′(c) = 0.

5. An open connected set in Rn is arc-wise connected.

6. If the closure of a set in Rn is connected then the set is connected too.

2. Let n ≥ k and π : Rn → Rk, π(x1, . . . , xn) = (x1, . . . , xk) be the projection onto the first k coordinates.
(a) [10] Show that at each a ∈ Rn, π is differentiable. What is Dπ(a)? Compute it.
(b) [10] Let p ≥ n and f : Rp → Rn be differentiable. Use the Chain Rule to determine D(π ◦ f)(x) for
each x ∈ Rp. (I want to see explicitly what Chain Rule is and how you use it.) What is each entry of the
matrix D(π ◦ f)(x)?



3. (a) [16] Suppose ϕ : R → R is differentiable and ϕ′(x) > 1 for every x ∈ R. Prove that there can be at
most one point p ∈ R such that ϕ(p) = p.
(b) [4] Show that the graphs in R2 of the functions α(x) = tan x : (−π/2,+π/2) → R and β(x) = x
intersect exactly once.

4. (Fill in the boxes –here! not somewhere else– and solve the questions. Each box is worth 1 point.)

Considering arctan : R → (−π/2,+π/2) and a differentiable function ψ : R → R ,

define w = arctan(ψ(y2, 2x − y,−4)). Then w : R → R . Answer the following questions by defining
explicitly a new function. In this way w becomes the composition of several functions so that you can
employ the Chain Rule.
(a) [8] Why is w differentiable?

(b) [8] Compute the × matrix Dw in terms of the partial derivatives ∂1ψ, ∂2ψ, ∂3ψ.


