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1. Prove or give a counter-example:

(a) Every bounded sequence in Rk is Cauchy.

(b) Consider a sequence (un)
∞
n=1 in Rk. If ||un+1 − un|| −→ 0 as n −→ ∞ then the sequence (un) is

convergent.

(c) If a nonempty set A ⊂ Rk is bounded then diam(A) ∈ R. (Recall: diam(A) = sup{||x−y|| : x, y ∈ A}.)

(d) Let n, k ≥ 1 and f : Rn → Rk be defined over all Rn. If f is continuous and D ⊂ Rn is closed,
then f(D) is closed in Rk.



2. For a bounded sequence (an)
∞
n=1 in R, define the set S = {x ∈ R : x < an for infinitely many n’s}.

(a) Show that S is nonempty by explicitly giving an element in S.

(b) Why is supS finite? (Denote this sup by a.)

(c) Show that (an) has a subsequence which converges to a. Do this by first constructing a subsequence
(ank

)∞k=1 of (an)
∞
n=1 (tell why the indices can be chosen in an increasing manner); then you must show that

the subsequence you constructed converges to a. (Prove all these from scratch! Do not use Bolzano-Weierstrass

theorems here. Because your proof will be a new proof of the Bolzano-Weierstrass Theorem I: Every bounded sequence in R
has a convergent subsequence.)

3. Consider a sequence (bn)
∞
n=1 in Rk, k ≥ 1. Suppose there is some real c ∈ (0, 1) such that for all n,

|bn+1 − bn| ≤ c|bn − bn−1|. Prove that the sequence (bn) is convergent. (Hint: • Bound the differences in
terms of |b2 − b1|. • Recall the sum formula for 1 + r + . . .+ rk. • Cauchy. )

4. Let K be closed and P be open in Rn. Then K −P is in Rn. Fill in the blank and prove that
statement.


