Theorem 3.2.1 (Existence and Uniqueness Theorem) &‘,\ a o 1 &\}\A@%( FDE

Consider the imitial value problem /
1 y" 4 p(t_)‘\" 4+ qlryy = glr). vifa) = yo, .\"'({0) = v(',. (4)

where p, g, and g are continuous on an open interval 7 that contains the point fy,
Then there is exactly one sofution v = @¢(¢) of this problem, and the solution exists
throughout the interval [.

We emphasize that the theorem says three things:

1. The initial value problem has a solution; in other words, a solution exisis,
2. The mitial value problem has only one solution; that is, the solution is unique.
3.

I'he solution @ is dehined throughout the interval | where the coeflicients are continuous
and 1s at least twice differentiable there.

In each of Problems 7 through 12, determine the longest interval in which the given initial
value problem is certain to have a unique twice-differentiable solution. Do not attempt to find
the solution.
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18. If the Wronskian W ol [ and g is ¢’ and if [(1) = ¢. find g(1).
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In each of Problems 24 through 27, verify that the functions v, and y; are solutions of the given
differential equation. Do they constitute a fundamental set of solul’iunsi’ ikﬁ‘(‘a’ }5z“~’)}
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Theorem 3.2.7 (Abel's Theorem)®
If y; and v; are solutions of the differential equation

Livl = " 4 p)y + gy =0, (22)
Rw»wuw where p and ¢ are continuous on an open interval /. then the Wronskian W(yy. v2)(1)
Are TX is given by
A
»a A" W(yi. v2)(t) = cexp [ [p(l)rh] A (23)

where ¢ i1s a certain constant that depends on y; and y2. but not on 1. Further,
Wiy, v2)(r) either is zero for all 1 in J (if ¢ = 0) or else 1s never zeromn [ (il ¢ # 0).

In¢ach of Problems 29 through 32, find the Wronskian of two solutions of the given differential
equation without solving the egquation.
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9.2.34. If the differential equation 1y" + 2y + te'y = () has y; and y, as a fundamental set of
solutions and if Wivy. v2)(1) = 2. find the value of W(yy.v2)(5).

’me‘“ “f‘%‘“’ _20ntldc o £ 2
N Wl\é«,»aq)(&):de = Ce - de —de ok
'\’J(./'):l = C('\ /?’:2 :;—)Q;Z_
w(3) =7 = 2.(6)7 = 2/25.

In each of Problems 7 through 16, find the general solution of the given differential equation.
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In cach of Problems 17 through 22, find the solution of the given initial valuc problem. Sketch
the graph of the solution and describe its behavior for increasing r.
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In cach of Problems 1 through 10, find the gencral solution of the given differential equation
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In each of Problems 11 through 14, solve the given imtial value problem. Sketch the graph of
the solution and describe 1ts behavior for increasmng 1.
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'}, U .18, Consider the initial value problem

9y" + 12y + 4y = 0), yiD)=a=0, y(0)=-1.

(a) Solve the mitial value problem.

(b) Find the critical value of a that separates solutions that become negative from those
that are always positive, —
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f Problems 23 through 30, use the method of reduction of order to find a second

In each o
solution of the given differential equation.
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