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You may use every fact that we have already proven in the class.
In Questions 2,3,4 only the residue techniques are allowed to evaluate the integrals.

1. Let P : C → C be a polynomial of degree N > 0 with distinct roots z1, . . . , zN ; and P ′(z) =
d

dz
P (z) with

a root α.

(a) For w not a root of P , show
P ′(w)

P (w)
=

NX

k=1

(w − zk)
−1.

(b) Show that α =
PN

j=1 βjzj where βj =
|α− zj|−2

PN
k=1 |α− zk|−2

.

(c) Conclude that any root α of P ′ is a convex combination of the roots of P , i.e. α can be expressed as a
linear combination of the roots of P with (i) each coefficient is real (ii) and nonnegative, (iii) and so that
the sum of the coefficients is equal to 1. This is the Gauss-Lucas Theorem. Félix Lucas is a 19th century French

mathematician.

           https://en.wikipedia.org/wiki/File:Gauss_Lucas_Theorem_animation.webm
Watch this super joyful video about loci of roots of derivatives: 



2. (a) Determine the poles of f(z) =
1

z4 + z2 + 1
. Plot them on C. Evaluate the residue of f at each pole.

(b) Evaluate the real integral

Z ∞

0

dx

x4 + x2 + 1
. For this choose an appropriate contour in C, and evaluate

the corresponding integral by carefully arguing why some portion of the integral vanishes.

(Answer:
√
3π/6)



3. (a) Determine the poles of g(z) =
eiaz

(z2 + 1)2
. Plot them on C. Evaluate the residue of g at each pole.

(b) Evaluate the real integral

Z ∞

0

cos ax

(x2 + 1)2
dx with a ∈ R≥0. For this choose an appropriate contour in

C, and evaluate a corresponding integral by carefully arguing why some portion of the integral vanishes.

How did you use a > 0? (Answer:
π(a+ 1)

4ea
)



4. Let C be the contour z = eiθ, θ ∈ [0, 2π], i.e. |z| = 1.

(a) Show that on C, cos θ = (z + 1/z)/2.

(b) For b a constant, find two polynomials U(z), V (z) such that

Z 2π

0

dθ

(b+ cos θ)2
=

Z

C

U(z)

V (z)
dz.

(Hint: Do not forget the Jacobian.)

(c) For b ∈ R, |b| > 1, evaluate the real integral

Z 2π

0

dx

(b+ cos x)2
. How did you use the condition on b?

(Answer:
2πb

(b2 − 1)3/2
)


