4. Let {x;} and {y;} be sequences in R such that x; — @ and y; — b. Show that
Tr + Yy — a+ band xpyr — ab. (Use Theorems 1.10 and 1.15.)

1.10 Theorem. Let fi(xz,y) = = + vy, fo(x,y) = xy, and g(x) = 1/x. Then fy
and f5 are continuous on R? and g is continuous on R \ {0}.

1.15 Theorem. Given S C R, a € S, and f : S — R™, the following are

equivalent:

a. fis continuous at a.

b. For any sequence {x;} in S that converges to a, the sequence {f(x;)} con-
verges to f(a).




A point a € R" is called an accumulation point of a set S C R" if every neigh-
borhood of a contains infinitely many points of S. (The point a itself may or may
not belong to S. Some people use the terms “limit point™ or “cluster point™ instead
of “accumulation point.”) For example, the accumulation points of the interval
(—1,1) in R are the points in the closed interval [—1, 1], and the only accumulation

point of the set {1, 3,4, %,...}is 0.

6. Show that a is an accumulation point of S if and only if there is a sequence
{x1.} of points in S, none of which are equal to a, such that x; — a. (Adapt
the proof of Theorem 1.14.)

7. Show that the closure of S is the union of .S and the set of all its accumulation
points.
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1.14 Theorem. Suppose S C R"™ and x € R". Then x belongs to the closure of S
if and only if there is a sequence of points in S that converges to X.
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67. The existence of lim s, implies

. so+sl+32+...+snﬁ_
fim O s,
68. If the sequence py, py, ..., Py, ... of positive numbers converges
to the positive value p then
ntl
lim Y popipy o pu= 1.
68.1. The numbers a,, a,, a,, ... are positive and

a
lim -* = p.

n—»oo a'n,

Then lim I/o;n exists also and has the same value 2.
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69. Reduce the computation of lim ]/ Z! to the computation of
: 1\n
lim (1 - ?) .
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